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The theory of dynamic conductivity of nanosystem is developed within the model of rectangular potentials and 
different effective masses of electron in open three-barrier resonance-tunnel structure in a constant homoge- 
neous electric field. 

The application of this theory for the improvement of operating characteristics of quantum cascade laser 
active region (for the experimentally investigated lno.53Gao.47As/lno.52Alo.4sAs heterosystem) proves that 
for a certain geometric design of nanosystem there exists such minimal magnitude of constant electric field 
intensity, at which the electromagnetic field radiation power together with the density of current flowing through 
the separate cascade of quantum laser becomes maximal. 
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1. Introduction 

Recently, there has been achieved a considerable progress in the experimental fabrication of 
quantum cascade lasers (QCL) [HI] and quantum cascade detectors (QCD) [SHE] of various geo- 
metric design. The investigation of these devices attracts great attention due to their operation in 
the actual terahertz range of electromagnetic waves. The main focus is made on the optimization 
of parameters of nano-devices. However, this is a rather complicated problem due to the absence 
of a consequent and consistent theory of physical processes taking place in open nanosystems. The 
active operating elements of experimental QCL or QCD are the open resonance-tunnel structures 
(RTS) with different number of barriers and wells. Thus, the properties of their static and dy- 
namic conductivities determining the basic QCL parameters, i.e., regions and widths of ranges of 
operating parts, radiation intensity, excited current and so on, have been theoretically studied. 

In references |9HT5] , mainly within the model of unitary effective mass and <5-like potential bar- 
riers, there have been developed the theoretical approaches to the calculation of active conductivity 
of electrons in open RTS. Recently, in references |16l [Tf] it was shown that 5-barrier model with 
unitary electron effective yields too rough magnitudes of resonance widths of quasistationary states 
(ten times bigger) relatively to the realistic model of rectangular potential barriers with different 
effective masses of quasiparticle in different pars of RTS. The conductivity is very sensitive to 
the magnitudes of resonance widths of quasistationary states. Therefore, the rectangular potential 
barriers and different effective masses are to be taken into account within the framework of the 
respective model. In the majority of theoretical papers dealing with the conductivity of open RTS, 
the presence of constant electric field has not been taken into account at all or has been evaluated 
only roughly (THJ- However, the effective QCL [TH5 has been experimentally produced just at the 
applied constant electric field. Thus, an urgent task is to develop a consistent theory of open RTS 
conductivity at an applied constant electric field; the model would be deprived of the rough <5-like 
approximating barriers and would consider different effective masses of quasiparticles in the wells 
and barriers. 
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In the proposed paper, there is developed a theory of electronic conductivity of open symmetric 
three-barrier RTS under the applied constant homogeneous electric field within the framework of 
the model of different electron effective masses in component parts of a nanosystem with rectan- 
gular potential wells and barriers. For the first time, the obtained exact solutions of the equations 
determining the magnitude of the active conductivity at the applied constant electric field at RTS 
make it possible to investigate it in a weak signal one-mode approximation over the radiation 
field intensity. By the example of experimental nanosystem Ino.53Gao.47As/Ino.52Alo.4sAs, it is 
shown that using the presented model it is possible to optimize the operating parameters of QCL 
depending on its geometric design and electric field intensity. 



2. Hamiltonian. Conductivity of three-barrier nanosystem 

The open symmetric three-barrier RTS with the applied constant electric field characterized 
by intensity F (figure 1) is under study. It is assumed that the monoenergetic (E, the energy) 
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Figure 1. Geometrical (a) and potential energy (b) schemes of RTS. 



electron current (n, the concentration) is falling at the RTS from the left side, perpendicularly to 
its planes. The small difference between lattice constants of RTS layers- wells (the media: 0, 2, 4, 6) 
and layers-barriers (the media: 1,3,5) allows us to study the nanosystem within the framework of 
the model of effective masses and rectangular potential barriers 

m(z) = \ mo , U{z) = \°> -reg.0,2 4 6, 
[mi y U, in reg. 1, 3, 5. 

The Schrodinger equation for the electron is written as 

ih d ^^ = [H Q + H(z,t)]^{z,t), (2.2) 

where 

H a = A + U(z) - eF{z[6(z) - 9(z - z 5 )} + z 5 9(z - z 5 )} (2.3) 

2 OZ TYL (Z) oz 

- the Hamiltonian of stationary problem (with constant electric field), 

H(z, t) = -ee{z[9(z) - 9(z - z 5 )} + z 5 9(z - z 5 )}(e iut + e- iwt ) (2.4) 
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- the interaction Hamiltonian of electron with the electromagnetic field varying in time (oj, the 
frequency) and amplitude of electric field intensity (e). 

The solution of equation (2.2) in one-mode approximation, assuming the amplitude of high 
frequency field to be small |12fTr31 US] , according to the perturbation theory, is as follows: 

* (z, t) = * (z) e~ iUot + *+i (z) e -' 1 ^«+^ t + (z) e -K<*>-<->)* , {u = E/K) . (2.5) 

Here ^o(z) function is the solution of stationary Schrodinger equation 

H (z)^! (z) = E^ (z). (2.6) 

Considering that the energy of electronic current in XOY plane is negligibly small (fc|| = 0) it can 
be written as follows: 

p=l 

= (c iki ° )z + B^e- ik( ° )z ) 9(-z) + A^e ik(6) ^0(z - z 5 ) 

5 

+ £ |>>Ai(£«) + B^Bi(^)] [9(z - zp-i) - 9(z - z p )] , (2.7) 
P =i 

where Ai(£),Bi(£) are the Airy functions and 



fc (0) = h- 1 y / 2m E, k {6) =h- 1 -y/2m (E + eFz 5 ), 

= ^) = p W[(U-E)/eF-z], P W =P (3) =P (5) = (2m ie F/h 2 ) 1/3 , 

C (2) = C (4) = -P {2) (E/eF + z) , p< 2 ) = pW = (2m Q eF/h 2 ) 1/3 - (2.8) 

The unknown coefficients (B^ , , A^ , B^ (p = 1, . . . , 6)) are fixed by the fitting conditions 
for the wave functions and their densities of currents at all media interfaces 



m (i) dz 



i d¥ p+1 \z) 

il(0) dz 



(p = 0,...,5) 

(2.9) 



together with the normalizing condition 

%{k'z)^ {kz) dz = S(k - k'). (2.10) 



In order to define the both terms of corrections (^±i(z)) to wave function, taking into account 
equations (2.2)-(2.6) and preserving the magnitudes of the first order, inhomogeneous equations 
are obtained: 

[H (z) - h(uj - w)]tf±iOO ^ ^iW) - Q{* - *b)] + z 5 9(z - z B )}*o(*) = 0. (2.11) 
Their solutions are the superposition of functions 

*±i(«) = *±(*) + *±(*)> (2-12) 
where $!±(z) are the partial solutions of homogeneous and Q±(z) are the partial solutions of 
inhomogeneous equations (2.11). 

The solutions of homogeneous equations are 

5 

*±0O = ^\z)6(-z) + ^^\z)[9(z-z p - 1 )-e(z-z p )]+9^\z)0(z-z 6 ) 

P =i 

= B^e-^^i-z) + AW^'-^Oiz - z 5 ) 

+ E [4 P) Ai(d P) ) + 4 P) Bi(d P) )] W - z P-i) ~ 0(z - *p)\ > (2-13) 
p=l 
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where 



.(8) 



h~ 1 yj2m (E±huj + eFz 5 ), 



4 3 ) = ^ = p W {[[/ - (£ ± fcj)]/eF - z} , C± = C± = -P KI) [(E ± Hu)/eF + z 



(2) _ C (4) 



-.(2) 



(2.14) 

The partial solutions of inhomogeneous equations (2.11), as it is shown, are of an exact analytical 
form 



Bi(d P) ) / (^ (P)t[( ^) Ai (^P (p) ~) *o W (^ 



Ai(d P) )/ [V-P 



U(z) - E 



cF 



(p) 



T^f(z 5 )fl(z-z 5 ). 



[6(z - Zp-i) - 9{z - z p )] 



(2.15) 



The conditions for ty(z,t) wave function continuity (2.5), at all nanosystem interfaces, lead to 
the boundary conditions for the ^±i(z) 



- ,T,(P+ 1 ) 



1 d *<g 



dz 



1 d -M^iz) 



M(0) 



(p = 0,...,5). 



(2.16) 

The solution of the system of inhomogeneous equations (2.16) defines all unknown coefficients 
(-B£ 0) , A { ±\ A [ l\ B ( l ] ). Now, #±(z) functions (2.13) and *±i(z) corrections (2.15) are definitively 
written, since &(z, t) being the whole wave function, is fixed too. 

Introducing the energy of interaction between the electron and electromagnetic field, which 
can be calculated as a sum of electronic wave energies flowing from both sides of RTS due to the 
current, the real part of active conductivity in quasiclassic approximation [19 is determined by 
densities of currents with the energies 



ct(w) 



2z$e£- 



{{j{E + nu, z 5 ) - j(e - hio, Zs )] - []{e + nu, o) - j(E - nu, o)]} . 



(2.17) 



According to the quantum mechanics, the density of current of uncoupling electrons with concen- 
tration n is related to the whole wave function 



j(z,t) 



ehn 
2m(z) 



y{z,t)—V*(z,t) - *(z,t)—V{z,t) 



(2.18) 



Thus, taking into account the expressions (2.5), (2.17) and (2.18), we obtain the final expression 
for the real part of nanosystem active conductivity 



(2.19) 



where 



£T[ (w) 

cr r (w) 



2z^moe 2 
h 2 uin 



(*f \B® \ 2 -k^\B^\ 2 ), 
(fcf |4 6) | 2 -fei 6) |AL 6) | 2 ), 



(2.20) 



(2.21) 



2z^moe 2 

CT r (w), ct\{uj) are the conductivities, stipulated by electronic current interacting with electromagnetic 
field and flowing out (r - right side) and back (1 - left side) of nanosystem. 
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3. Analysis of the results 

The numeric calculations and analysis of the symmetric three-barrier RTS conductivity (a) 
and function of the electric field intensity, F (equal to the magnitude of energy shift Uq = eFz^) 
were performed for Ino.53Gao.47As/Ino.52Alo.4sAs open nanoheterosystem with physical parame- 
ters: rn = 0.089to 6 , toi = 0.046to 6 , a = 0.5867 ran, ai = 0.5868 nm, U = 516 meV. The 
geometrical sizes of wells and barriers were taken in the ranges of values typical of the experimen- 
tally investigated nanosystems [THE] . It was assumed that the current of monoenergetic electrons 
with concentration n — 10 16 cm" 3 and energy E, corresponding to the resonance energy of the 
second quasistationary state (E n= 2), falls at the RTS from the left side. 
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Figure 2. Dependences of resonance energies (E n ), widths (F n ), conductivity (a), its terms 
(CTi,CT r ) and parameter of efficiency (a) on energy shift (Uo = eFz$) and three different magni- 
tudes the thicknesses of outer barriers at the fixed sizes of the inner barrier (A = 1.6 nm) and 
the widths of wells (6 = 6 nm). 



Figure 2 shows the dependences of resonance energies spectrum (E n ) and resonance widths 
(r„) of electron quasistationary states and conductivity (a) at the transition from the second to 
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the ground quasistationary state and its terms (<r r - due to the right-side current and a\ - due to 
the left-side current) on the magnitude of electromagnetic field shift (Uo) at the fixed: b = 6 nm 
(wells), A = 1.6 nm (inner barrier) and Ai = 2.2 nm; 3.4 nm; 4.6 nm (three different magnitudes 
of outer barriers). In figure 2: Ino.52Alo.4sAs barrier layers are in bold, Ino.53Gao.47As well layers 
are in roman. There is also calculated and presented in the same figure an important parameter 
a = a(a T — o"i)/max[cr(<7 r — <J\)], characterizing the optimal efficiency RTS acting on condition 
that for the fixed geometric design of its parts and energy shift (Uo), both the conductivity (a) 
proportional to the force of laser radiation and the magnitude (cr r — <j\) proportional to the current 
flowing through the RTS would be optimal at the same time. 

From figure 2 one can see the following. The magnitudes of resonance energies (E n ) are almost 
independent of the thicknesses of outer barriers (Ai) at the fixed sizes of wells (b). At the Uo 
increasing (equal to the increasing intensity of the electric field) all resonance levels show the linear 
shift into the region of smaller energies. At the same time, the resonance widths (r„) of odd states 
are increasing and even decreasing. Consequently, there exist such magnitudes of shifts (Uq), at 

which the resonance widths of neighbouring states are equal. At the increasing thicknesses of RTS 

(v) 

outer barriers, Uq magnitudes do not almost vary and resonance widths exponentially increase. 

According to the developed theory, the intensity of laser radiation at the frequency u> — (E2 — 
Ei)/h would be almost proportional to the maximal magnitude of negative conductivity a, arising 
at the transitions of electrons from the second into the ground quasistationary state. From figure 2 
it is clear that a absolute value firstly increases till certain maximum value and further linearly 
decreases for the bigger Uq, independently of RTS geometrical parameters. This takes place due to 
the same a T bahaviuor while <j\ (absolute value) only decreases at Uq increasing. 

Figure 2 shows that the parameter of optimal effectiveness (a) has one maximum at such 
Uq S (for the system under research, Uq S m 40 meV relating to the electric field intensity F = 
18 kVcm _1 ;20 kVcm _1 ;22 kVcm" 1 for the three different sizes of nanosystem) the magnitude of 
which almost does not depend on the sizes of outer barriers at the fixed sizes of wells and outer 
barriers. It is obvious that Uq S magnitude almost coincides with the shift at which cr r approaches 
its extremum. Thus, a certain intensity of constant electric field realizing the shift Uq S at which 
the nanosystem, as an active element of QCL, works optimally, exists for the fixed geometrical 
configuration of symmetrical three-barrier RTS. 

As far as the increase of the sizes of the outer barriers causes an exponential increase of con- 
ductivity, as it is clear from figure 2, when the thicknesses of the outer barriers become bigger 
than two lattice constats, the conductivity becomes about two orders bigger. Naturally, it does not 
mean that by increasing the sizes of outer barriers one can obtain the arbitrarily big magnitudes of 
conductivities because it is obvious that herein the electron lifetime also exponentially increases. 
For certain sizes of nanosystem, the lifetime becomes much bigger than the relaxation time of elec- 
tron energy arising due to the electron-phonon, electron-electron and other types of interactions. 
Therefore, the model which does not take into account these types of energy relaxation becomes 
useless. Taking this into consideration we studied such sizes of outer barriers at which the electron 
lifetime in the lowest quasistationary states not bigger than one order exceed the relaxation time 
due to the interaction with phonons, evaluated in reference [1J approximately as one picosecond. 

4. Conclusions 

1. For the first time, there is developed a theory of dynamic conductivity of symmetric three- 
barrier RTS with the exact accounting of the applied constant electric field. 

2. It is established that for the fixed geometrical configuration of RTS there exists one minimal 
magnitude of electric field intensity (equivalent to the energy shift Uq), at which the active 
element of QCL works in an optimal regime: the intensity of electromagnetic radiation and 
density of current flowing through the separate cascade of quantum laser become maximal 
at the same time. 

3. It is shown that within the framework of the used models of effective masses and rectangular 
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potential barriers without taking into account the electron-phonon, electron-electron inter- 
actions and other relaxation processes, at the fixed sizes of inner barrier and both wells of 
three-barrier RTS, the effectiveness of QCL operation exponentially increases both with the 
increase of outer barriers thicknesses as well with the increases of the magnitude of the shift 
due to the constant electric field. 
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fluHaiviiHHa npoBiflHicTb CMMeTpuHHoV Tpn6ap'epHoV rmocKoY 
HaHoencTeMM y nocTiwHOMy e/ieKTpuHHOMy no/ii 

K).0. Ce-ri, M.B. TKan, O.M. Boi/iLiexiBCbKa 

HepHiBei4bKi/iH HaLiioHajibHuw yHiBepcuTeT iMem KDpifl OeflbKOBHHa, Byn. Koi4K>6nHCbKoro, 2, 
58012 HepHiBLii, YKpaTHa 

y MOflejii npaMOKyTHi/ix noTem-Oa/iiB i pi3HMX ecpeKTWBHHX Mac e/ieKTpoHa y pi3HHX ejieMeHTax BiflKpwToT 
Tpn6ap'epHoY pe30Ha HCHO-Ty He/i bHoi CTpy KTypn , in,o 3HaxoflMTbC5i b nocTiwHOMy oflHopiflHOMy e/ieKTpi/iHHOMy 
nom, po3po6jieHa Teopin fli/iHaMiHHoT npoBiflHOCTi HaHocucTeMH. 

3acTocyBaHH5i po3po6jieHoT TeopiT fl/ia noKpameHHa po6om/ix xapa KTepncTM k aKTWBHo'f 06/iacTi KBa htoboto 
KacKaflHoro Jia3epa (Ha ocHOBi eKcnepuwieHTa/ibHO floc/iifl>KyBaHoT cucTeMW lno.53Gao.47As/lno.52Alo.4sAs) 
n0Ka3a.no, 1140 npw 3aflaHOMy reoMeTpn h HOMy flW3awHi HaHoencTeMM icHye TaKa MiHiMa/ibHa Be/iHHWHa Hanpy- 
>KeHOCTi nocTiwHoro e/ieKTpi/iHHoro no/ia, npw num oflHonacHO MaKCMMa/ii3yeTbca sik Bejinni/iHa noTy>KHOCTi 
ejieKTpoMarHiTHoro BwnpoMiHKDBaHHa, Ta k i rycTi/iHa CTpyMy, mo npoxoflMTb Kpi3b OKpeMi/iR KacKafl KBa hto- 
boto KacKaflHoro /ia3epa. 

K/iK>HOBi c/iOBa: pe30H3HCHO-TyHe/ibHa crpexrypa, p,MHaM'mHa npoBiflHicrb 
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